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Pulsed photothermal techniques provide useful methods based on linear relations between measurable
quantities to obtain the thermal diffusivity and thermal conductivity of homogeneous materials. In this
work, the effective thermal parameters of two-layered films are defined starting from an homogeneous
layer which at the surfaces, produces the same temperature fluctuations and the same photothermal
signal that the composite heated by a fast pulse-laser. Our theoretical model predicts that the effective
thermal parameters of the layered system can only be calculated in the limit when the laser pulse
duration is smaller tan the characteristic time of each layer, respectively. The temperature distribution
is calculated in each layer by using the Fourier integral and the time-dependent one-dimensional heat
diffusion equation with appropriate boundary conditions according to the experimental conditions.
Within this approximation, we found an analytical expression for both, the effective thermal diffusivity
and thermal conductivity which depend significantly on the thickness and the thermal parameters of
each film.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The measurement of thin film thermal conductivities and
thermal diffusivities is a long standing problem in many areas of
physics and engineering. As one example, we mention the interest
in thermal parameters of dielectric thin film materials used for
optical coatings. Another important field of interest is films used
in thermal management applications with semiconductor circuits.
Such measurements also gained a tremendous interest in connec-
tion with the development of thin film diamond-like materials
promising excellent thermal properties [1].

The methods used to measure the thermal conductivity are
divided in two groups: the steady-state and the nonsteady-state
methods. In the first one, the sample is subjected to a constant heat
flow and the thermal conductivity (j) is directly measured after
equilibrium has been reached. In the second group, a periodic or
transient heat flow is established in the sample and the thermal
conductivity is not directly measured yet, but the thermal diffusiv-
ity (a). In the case of homogeneous samples, the thermal conduc-
tivity is then calculated from the thermal diffusivity.

On the other hand, the determination of effective properties,
such as thermal, elastic, dielectric etc., of inhomogeneous systems
has long been an important research subject since these effective
properties are critical in design and control parameters for success-
ll rights reserved.
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ful applications of the inhomogeneous system. Basically, the effec-
tive properties are a function of the constituent properties,
interfacial characteristics between the different materials of the
composite, volume fractions and microstructure of the system.
Here, microstructure means the shape, size orientation and spatial
distribution of the inclusions.

In particular, layered films are used in numerous devices such
as micro-electronic elements, thin-film superconductors, reactor
walls and numerous other applications. In recent years, engineers
and physicists have paid more attention to the technologies related
with thin films because micro-electromechanical systems are
required in various applications. At the same time, due to the
advanced of short-pulse laser technologies and their application
to modern microfabrication technologies, ultrashort pulse heating
of thin film structures has been developed rapidly. For example,
transient thermoreflectance, photothermal deflection, photoacou-
stic and optical heating and electrical thermal sensing methods
have been well developed to measure thermal properties of thin
films [2]. At present, the microfabricated devices method [3] and
the 3x method [4] are the main measurement techniques to obtain
thermophysical properties of materials in such low dimensions
and small scales.

In recent years, there has been some interest in the thermal
characterization of two-layer systems using photothermal tech-
niques. From the analogy between thermal and electrical resis-
tances used in heat transfer problems, Manzanares et al. [5]
calculated the effective thermal diffusivity of the two-layer system
as a function of the filling fraction of the composite system, the
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Fig. 1. Geometry for (a) a one-layer system with effective thermal conductivity j
and effective thermal diffusivity a and (b) two-layer system characterized by a
thermal conductivity jI, and thermal diffusivity aI for I = 1,2.

Nomenclature

c heat capacity per unit mass, J/Kg K
d thickness of one layer, m
di thickness of the i layer, m
I0 intensity of incident laser radiation, J/m2t
Q(z,t) heat flux W/m2

t time, s
T(z,t) temperature distribution, K
z coordinate direction, m

Greek
a thermal diffusivity, m2/s
j thermal conductivity, W/m K
q density, Kg/m3

s laser pulse time duration, s
x frequency, s�1
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thermal diffusivities and the ratio of the thermal conductivities of
each layer. More recently, the effective thermal diffusivity and
conductivity of layered systems have been analyzed solving the
one-dimensional heat diffusion equation for each layer with appro-
priate boundary conditions at the interface and at the surface of
the composite according the photothermal experiments. Then,
the effective parameters of the inhomogeneous system were calcu-
lated from an homogeneous material, with the same boundary
conditions at the surface, which produce the same physical
response under an external perturbation in the detector device
[6,7]. These effective parameters, of course, depend strongly on
the experimental set up and how they are measured. For example
in photoacoustic experiments, depending on the position of the
microphone there are two possible detection configuration: the
microphone is at the front of the illuminated surface (close cell
configuration) or it is at the rear opposite surface (open cell config-
uration). Thus, according to this consideration, the value of the
effective parameters of the composite are not unique but depend
on the experimental configuration [7].

In this paper, we present a theoretical investigation of transient
heat transport in one and two layers for different laser pulse dura-
tion time s. It is important to emphasize that in the theoretical
models and photothermal experiments mentioned in Refs. [5–7],
the incident laser radiation is periodically modulated by a chopper
for different frequencies.

In order to obtain the effective thermal parameters, the heat
diffusion equation is solved assuming that the sample is opti-
cally opaque, i.e., all the incident light is absorbed at the surface
of the sample. The effective thermal parameters can be determi-
nated by using the same boundary conditions for both, the one
and two-layer samples according to the photothermal experi-
ment and forcing the temperature fluctuation of the one (homo-
geneous sample) and two-layers be equal at the front and rear
surfaces. We show that the effective thermal diffusivity and
thermal conductivity obtained from the front-surface illumina-
tion and the rear-surface are different, the temperature fluctua-
tions for one and two-layer systems are the same if the laser
pulse duration is smaller than the characteristic time of the lay-
ered composite. It is important to mention the in this work the
effects of the interface thermal resistance and lagging [8] on the
heat transport in the layered systems are neglected. These latter
effects, the electron–phonon interaction and carrier diffusion
influence will be considered elsewhere. Interfacial thermal resis-
tance has been show that is important in layered systems with
structures that varies on the length scale of several nanometers
heated by a short laser pulse. The thermal conductance of many
solid–solid interfaces have been studied experimentally but the
range of observed interface properties is much smaller than
predicted by simple theory [9–11].

The results presented in this work show that in general an effec-
tive thermal parameters for two-layer systems cannot be defined
as in photothermal experiments when the heat diffusion in the
composite system is created by a periodic light beam.
2. Theoretical model

It is well known that heat transport in solids is carried out by
various quasiparticle systems (electrons, holes, phonons, etc.),
the interactions between these quasiparticles are such that each
of these systems are describes by their own temperature and the
physical conditions at the boundaries of the sample may be formu-
lated separately for each quasiparticle system [12]. However, for
small effective cooling length of the quasiparticles systems as com-
pared with the sample dimensions and strong interaction between
them, the system of quasiparticles can be described by the single
particle approximation and the coupled heat-diffusion equations
reduce to the usual diffusion equation [13]. For simplification, we
shall consider a sample with the form of parallelepiped. On one
of the surface (z = 0) there is an incident pulsed laser excitation,
the other one at z = d is maintained at constant temperature T0,
and the lateral faces are adiabatically isolated. In this geometry
the one-dimensional heat diffusion equation is given as

oT2ðz; tÞ
oz2 ¼ 1

a
oTðz; tÞ

ot
ð1Þ

where the thermal diffusivity a is given by a = j/qc, j the thermal
conductivity q the density and c the heat capacity of the sample,
respectively.

Let us assume that a rectangular laser pulse with an arbitrary
duration s and intensity I0 is incident on the surface of a layer sam-
ple of thickness d, and thermal parameters a and j. In addition, we
consider for simplicity that the one-layer system is optically opa-
que, i.e., the total laser radiation is completely absorbed on the sur-
face and converted into heat, see Fig. 1(a). Then, the temperature
fluctuations T(z, t) in Eq. (1) should be supplemented by boundary
conditions at the surface of the sample and some initial conditions.
In transient heat transport experiments, the most common mech-
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anism to produce a heat pulse is the absorption by the sample of an
intense pulsed laser beam. It is clear that when the intensity of the
radiation is fixed, the light-into-heat conversion at the surface of
the sample can be written as

�j
oTðz; tÞ

oz

����
z¼0
¼ QðtÞ

QðtÞ ¼
Q 0 0 6 t 6 s
0 s 6 t 61

�

Tðz; tÞjt60 ¼ T0

Tðz; tÞjz¼d ¼ T0

ð2Þ

Here Q(t) is proportional to the incident light intensity, Q0 = const.,
and at z = 0 describes the temporal form of the heat pulse during
the time s; the surface at z = d remains at the ambient temperature
T0.

In terms of the Fourier integral the heat pulse at the surface of
the layer can be expresses as

QðtÞ ¼ 1
2p

Z 1

�1
Cðx; tÞdx

Cðx; tÞ ¼
Z 1

�1
eixðt�cÞQðcÞdc ¼

Z s

0
eixðt�cÞQ 0dc

¼ � iQ0

x
ð1� e�ixsÞeixt

ð3Þ

The general solution of Eq. (1) for the temperature fluctuation
associated with the heat-transient diffusion can be written as

Tðz; tÞ ¼ T0 þ DTðz; tÞ ¼ T0 þ
Z 1

�1
ðMðxÞerz þ NðxÞe�rzÞÞeixtdx

ð4Þ

with r ¼ ð1þ iÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x=2a

p
and the coefficients M(x) and N(x) can be

found using the boundary conditions defined by Eq. (2). Then finally
Eq. (4) is given by

Tðz; tÞ ¼ T0 �
i

2p
Q 0

j

Z 1

�1

ð1� e�ixsÞ
rx

sinh rðd� zÞ
coshrd

eixtdx ð5Þ

Once we know the temperature distribution in the sample, we
can calculate the response of the layer due to the laser pulse heat-
ing using one of the several alternative detection techniques, e.g.,
3x method, time-domain thermoreflectance, scanning thermal
microscope and lamp flash.

We now turn to the discussion of the effective parameters of
layered systems. Let us consider the physical two-layer system of
a material 1 of thickness d1 and a material 2 of thickness d2, both
having the same cross section (see Fig. 1(b)). Let aI the thermal
diffusivity and jI the thermal conductivity of the material I
(I = 1, 2). Initially, the sample is at uniform temperature T0, while
the heat flux density distribution is zero. At time t = 0+, there exist
a short-pulse at the surface which induce a heat transfer in the
layered medium. Furthermore, heat losses from the film surfaces
are neglected during the short heating period. The system of
heat-diffusion equations describing the heat transfer trough the
various layers are given by Eq. (1) for each layer with the following
boundary conditions

�j1
oT1ðz; tÞ

oz

����
z¼0
¼ QðtÞ

QðtÞ ¼
Q 0 0 6 t 6 s
0 s 6 t 61

�

T1ðz; tÞjz¼d1
¼ T2ðz; tÞjz¼d1

j1
oT1ðz; tÞ

oz

����
z¼d1

¼ j2
oT2ðz; tÞ

oz

����
z¼d1

T2ðz; tÞjz¼d2
¼ T0

ð6Þ
For simplicity and in order to gain some insight in the physics
about the effective thermal parameters of the layered system, the
effects of the interface thermal resistance have been neglected in
the third equation. The fourth equation represents the continuity
of the heat flux at the interface of the two materials (energy
conservation).

By solving the heat diffusion equation under the physical condi-
tion given by Eqs. (6), we find the complex temperature fluctuation
for each layer as

Tnðz; tÞ ¼ T0 þ
Z 1

�1
MnðxÞernz þ NnðxÞe�rnz½ �eixtdx;

rn ¼ ð1þ iÞ
ffiffiffiffiffiffiffiffi
x

2an

r
n ¼ 1;2 ð7Þ

where

M1ðxÞ ¼
i

2p
Q 0

xr1j1

1� e�ixs

D

� e�r1d1
j2ffiffiffiffiffi
a2
p coshr2d2 �

j1ffiffiffiffiffi
a1
p sinhr2d2

� �

N1ðxÞ ¼ �
i

2p
Q0

xr1j1

� 1� e�ixs

D
e�r1d1

j2ffiffiffiffiffi
a2
p coshr2d2 þ

j1ffiffiffi
a
p

1
sinh r2d2

� �

M2ðxÞ ¼
i
ffiffiffi
2
p

2pð1þ iÞ
Q 0

x3=2

1� e�ixs

D
e�r2ðd1þd2Þ

N2ðxÞ ¼ �
i
ffiffiffi
2
p

2pð1þ iÞ
Q 0

x3=2

1� e�ixs

D
er2ðd1þd2Þ

DðxÞ ¼ 2j2ffiffiffi
a
p

2
coshr1d1 coshr2d2 þ

2j1ffiffiffiffiffi
a1
p sinh r1d1 sinhr2d2

ð8Þ

As can be observed, the temperature distribution in each layer
depends upon the thermal bulk parameters and the thickness of
both layers. Since any photothermal experiments give only infor-
mation of the effective thermal parameters but nothing about the
thermal parameters and volume fraction of each material in the
layered medium, it is necessary to find a mathematical expression
for the effective thermal parameters (which are obtained from the
experiment) as a function of the thermal characteristics and size of
each component material in the composite.

Let us assume some one-layer system having the same geomet-
rical form as the two-layer system with a thermal conductivity j
and thermal diffusivity a such that the photothermal signal of both
systems (one and two-layers model) is the same for any time. With
this model the effective thermal conductivity and thermal diffusiv-
ity are defined by the following relationships [7]:

Tðz; tÞjz¼0 ¼ T1ðz; tÞjz¼0

Tðz; tÞjz¼d�e ¼ T2ðz; tÞjz¼d�e e=d << 1; e > 0
ð9Þ

Here the temperature fluctuation T(z, t) for one-layer system is
given by Eq. (5) with a thickness d = d1 + d2. The first equation
describes the effective thermal parameters similar to those
obtained in the closed photoacoustic cell (front-surface illumina-
tion) while the thermal parameters obtained from the second
equation correspond to the open photoacoustic cell configuration
(rear-surface). The temperature distribution in the second equation
must be calculated inside the layer 2 since T(z, t) and T2(z, t) are
equal to T0 at z = d. Because Eqs. (9) is valid for any time, in partic-
ular for t = s and t = 2s and for the pulse-laser incident on the front
surface, the evolution of the surface temperature satisfies the
following relationship:

Tð0;2sÞ
Tð0; sÞ ¼

T1ð0;2sÞ
T1ð0; sÞ

ð10Þ



Fig. 2. Time dependence of the temperature fluctuation for one and two-layers
system at the surface of the sample (z = 0) for (a) short laser pulse s << sSi and large
laser pulse (b) sSi < s < sGaAs.
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Therefore the effective thermal diffusivity and thermal conduc-
tivity are given asR1
�1ðeixs � 1Þeixs tanh reff d dx

x3=2R1
�1ðeixs � 1Þ tanh reff d dx

x3=2

¼
R1
�1ðeixs � 1ÞeixsFðxÞ dx

x3=2R1
�1ðeixs � 1ÞFðxÞ dx

x3=2

ð11Þ

jeff ¼ j1

ffiffiffiffiffiffiffiffi
aeff

a1

r R1
�1ðeixs � 1Þeixs tanh reff d dx

x3=2R1
�1ðeixs � 1ÞeixsFðxÞ dx

x3=2

ð12Þ

with reff ¼ ð1þ iÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=2aeff

p
and

FðxÞ ¼
j2ffiffiffiffi
a2
p sinhr1d1 cosh r2d2 þ j1ffiffiffiffi

a1
p coshr1d1 sinh r2d2

j2ffiffiffiffi
a2
p coshr1d1 cosh r2d2 þ j1ffiffiffiffi

a1
p sinhr1d1 sinh r2d2

ð13Þ

Similar arguments can be used for rear illumination to calculate
the effective thermal parameters of the two-layer composite. Using
the second equation from Eq. (9), it leads
R1
�1

ðeixs�1Þeixs

x cosh rer d dxR1
�1

ðeixs�1Þ
x cosh rer d dx

¼
R1
�1

ðeixs�1Þeixs

xDðxÞ dxR1
�1

ðeixs�1Þ
xDðxÞ dx

ð14Þ

and

jer ¼
ffiffiffiffiffi
a2
p

R1
�1

ðeixs�1Þeixs

x cosh rer d dxR1
�1

ðeixs�1Þeixs

xDðxÞ dx
ð15Þ

As can be seen, Eqs. (11)–(15), in general, the effective thermal
parameters have different values at different positions. These
results have an important means because in any photothermal
experiment the position of the detection technique will be essen-
tial, i.e., the effective thermal parameters of the layered composite
will depend on two possible configurations; front or rear-surface
illumination method. This latter conclusion has been considered
in theoretical and experimental photoacoustic spectroscopy
[7,14]. It is also interesting to note that the effective thermal
parameters are not symmetric, i.e., they are different under
exchange of the two layers and therefore the response of the lay-
ered system will be different if the laser pulse is incident on layer
1 or layer 2.

3. Discussion

We now turn to the discussion of the results obtained for one- and
two-layer systems. It follows from the expressions (5) and (7) that
the temperature distribution depends substantially on the relation-
ship between the laser pulse excitation time s and the characteristic
thermal time of each layer. The two-layer material consists of Si on
GaAs samples characterized with the following thickness and
thermal parameters: dSi = 10�3 m, aSi = 0.89 10�4 m2/s, jSi =
154 W/mK, dGaAs = 3 10�3 m, aGaAsi = 0.23 10�4 m2/s, jGaAs = 46 W/
mK. The characteristic thermal time at which the system responds
to an external perturbation is given as sSi = dSi/2aSi and sGaAs = dGaAs/
2aGaAs. Therefore, the effect of the duration time of the laser pulse on
the time evolution of the temperature at the front surface for one and
two-layer system is showed in Fig. 2 in the range s = sSi/10 << sGaAs

Fig. 2a, and for sSi < s < sGaAs Fig. 2b. As can be observed, when the
heat-pulse time is larger than the thermal relaxation time of Si the
temperature fluctuation at the surface for one and two-layer mate-
rials are, in general different for any time, i.e., in this situation is
not possible to obtain some effective thermal parameters of the lay-
ered system however, when s << sSi, sGaAs both temperatures coin-
cide for any time and in particular for t = s and 2s, in this case the
effective thermal parameters can be obtained from Eqs. (11) and
(12) and they lead aeff = aSi and jeff = jSi, the pulse laser converted
into heat at the surface was chosen as Q0 = 104 W/m2 for both figures.
Comparing the results of the short-pulse laser with the longer one,
because of more energy diffusion into the deeper part of the film
for longer laser pulses, the maximum temperature of the longer laser
pulse is higher than that in the short laser pulse and in this case the
evolution of the temperature on the surface of the layered system is
strongly influenced for the thermal properties of both layers. On the
other hand, for short laser pulse excitation the temperature fluctua-
tion after the laser pulse has been extinguished, it attenuates rapidly
to zero with increasing time such that at time t = s + sSi the temper-
ature fluctuation is effectively fully damped out, under this situation
thermal information is only obtained from the silicon layer. One of
the characteristic peculiarities of the curves is the rapid increase of
the temperature during the laser pulse and their decay after heat
pulse duration. These results are qualitatively in good agreement
with those obtained in Refs. [11,15]. The analysis of these peaks
allows us to obtain information about the effective thermal param-
eters of the layered composite.

Finally as can be observed in Fig. 2(b), it is not possible to define
an effective thermal diffusivity and thermal conductivity for the
layered system due to the difference of both temperatures, for
one and two-layer systems. This important result is different from
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that obtained in photothermal experiments where the incident
radiation is modulated by a chopper and the effective thermal
parameters of two-layer system can be defined for a wide range
of modulation frequencies, see Refs. [7,12].

Fig. 3 shows the transient temperatures distribution in the lay-
ered system for different times when the laser pulse is incident
onto the surface of the Si film, Fig. 3a, and when the laser radiation
is absorbed and converted into heat by the GaAs surface sample,
Fig. 3b. As can be seen the temperature distribution into the
sample depends on what kind of surface of the composite is illumi-
nated and in both cases the transient temperatures of the two-lay-
ered materials approach to steady-state temperature for deep
Fig. 3. Temperature distribution inside the two-layers system at different times
and Q0 = 104 W/m2 for (a) Si front-surface illumination and (b) GaAs front-surface
illumination.
distance from the surface of the sample. Note that the curves
increase during the laser pulse excitation in the range s/2 < t < s
and subsequently the system returns to thermal equilibrium after
the layered system reach its maximum value at t = s. This arise
from the fact that after the laser pulse excitation the heat at the
surface is transferred to the subsequent volume element in the
sample by diffusion process. As we mentioned before, for laser
pulse duration such that sSi < s < sGaAs, the evolution of the temper-
ature distribution in the two-layer system as a function of the
position is shown in Fig. 3a and b for various values of t before
and after the laser pulse has been switched off. As can bee seen,
in the range 0 < t < s, the temperature decrease exponentially with
increasing distance from the surface until it is damped out inside
the layered system. On the other hand, when the laser pulse has
been extinguished (t > s), the initial heating due to the excess of
energy received during the laser excitation results in a diffusion
process inside the sample. Note that the cooling of the sample
occurs after the temperature fluctuation reaches its maximum
value at t = s in the region close to the surface of the sample
(0 < z < zc), in this range T(z, s) > T(z, 2s), see Fig. 3a. Here zc is
defines such that T(zc, t1) = T(zc, t2), t1 > t2 > s. However, the
temperature distribution behavior changes notably towards great-
er times (t > s), i.e., there is an overheating with increasing distance
from the surface of the sample (zc < z < d) and in this condition
T(z, s) < T(z, 2s). This arises from the fact that after the laser pulse
excitation has been switched off, the heat at the surface is trans-
ferred inside the sample by a diffusion process. This effect has been
investigated in detail related with the transient heat transport by
carriers in semiconductors [12].

On the other hand, for short laser pulse heating, the tempera-
ture decreases exponentially with increases distance from the
surface it is completely damped in the region 0 < z < d1 and as a
consequence all the thermal information is obtained from the
illuminated first layer in the system.
4. Conclusions

A theoretical analysis of thermal pulse propagation in two-layer
system has been studied. Using the boundary conditions which are
in accordance with the experimental situation, we obtain the tem-
perature distribution in each layer of the system. Thus the effective
thermal parameters of the layered sample are calculated by assum-
ing an homogeneous material characterized by some thermal
properties which produces the same physical effects. Specific
applications are showed for two-layer material composed by Si
and GaAs films. The results presented in this work show that in
general the effective thermal parameters for two-layer systems
cannot be defined. This latter conclusion is completely different
from that obtained in photothermal experiments when the heat
diffusion in the composite system is created by a periodic light
beam.
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